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 A B S T R A C T

More than 10 million coronary angiograms are performed globally each year, providing a gold standard for 
detecting obstructive coronary artery disease. Yet, no obstructive lesions are identified in 70% of patients 
evaluated for ischemic heart disease. Up to half of these patients have undiagnosed, life-limiting coronary 
microvascular dysfunction (CMD), which remains under-detected due to the limited availability of invasive 
wire-based tools (Doppler-wire or thermodilution) used to measure coronary flow reserve (CFR). Here, we 
introduce PUNCH, a wire-free, uncertainty-aware framework for estimating CFR from paired resting and 
hyperemic coronary angiographic acquisitions. PUNCH integrates physics-informed neural networks with 
variational inference to infer coronary blood flow from first-principles models of contrast transport, without 
requiring ground-truth flow measurements or population-level training. The pipeline runs in approximately 
three minutes per patient on a single GPU.  Evaluated on 1000 synthetic kymographs and a feasibility-
scale, single-center cohort of 20 patients with matched invasive bolus thermodilution CFR, PUNCH produces 
CFR point estimates that correlate strongly with the invasive reference and uncertainty intervals that widen 
under image degradation; the raw posterior intervals are however under-dispersed relative to nominal 
coverage, and we discuss the recalibration step that would be required before threshold-based clinical use. 
As a proof-of-concept feasibility study, this work illustrates how physics-informed inference could expand 
the physiological information extractable from existing angiographic imaging, pending validation in larger, 
multi-center, multi-territory cohorts.
. Introduction

Coronary microvascular dysfunction (CMD) is a prevalent yet un-
erdiagnosed condition, present in up to 70% of patients with angina 
nd non-obstructive coronary arteries undergoing invasive angiography 
Kunadian et al., 2021). This diagnostic oversight disproportionately 
mpacts female patients (Ong et al., 2018). Unlike epicardial stenosis, 
MD reflects abnormalities in flow and structure that are invisible on 
tandard angiography but critically influence myocardial perfusion and 
atient outcomes (Murthy et al., 2012; Taqueti and Di Carli, 2018).

∗ Corresponding author.
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The gold standard for diagnosing coronary microvascular function 
is the measurement of coronary flow reserve (CFR) using invasive 
catheter-based techniques such as Doppler flow wires or thermodilution 
(Taqueti and Di Carli, 2018; Barbato et al., 2004). In thermodilution, a 
known volume of cold saline is injected into the coronary artery, and 
downstream temperature changes are recorded by a thermistor-tipped 
catheter. The resulting temperature–time curve — an indicator-dilution 
profile — allows for estimation of blood flow based on the area under 
the curve (Fearon et al., 2003). Although reliable, thermodilution 
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Fig. 1. PUNCH enables uncertainty-aware estimation of CFR from standard angiography. Fluoroscopy images acquired at rest and hyperemia undergo vessel 
centerline tracking to generate spatiotemporal intensity maps (kymographs). These kymographs serve as input to a physics-informed neural network that jointly 
optimizes data fidelity (Data), advection–diffusion physics constraints (PDE), and variational inference regularization (KL). The framework outputs posterior 
distributions of rest velocity, hyperemic velocity, and CFR, providing probabilistic estimates with quantified uncertainty. The dual-branch architecture models 
both physiological states while sharing a common latent variable 𝑧 to capture measurement uncertainty from noise, motion artifacts, and incomplete contrast 
filling.
requires precise timing, is sensitive to injection technique and temper-
ature variability, and carries procedural risks inherent to placement of 
a coronary guide-wire in the distal coronary artery (De Bruyne et al., 
1994; Fearon et al., 2003). These practical constraints have limited the 
widespread invasive evaluation of CFR, leaving most patients without 
a definitive functional diagnosis.

In principle, contrast-enhanced coronary angiography encodes flow 
information analogous to thermodilution: the transport and dispersion 
of contrast dye through the coronary lumen reflect local hemodynamics 
(Zierler, 2000; Ball et al., 2018). Recently, there has been an inter-
est in using coronary angiography as a diagnostic tool for coronary 
microvascular dysfunction using data-driven approaches (Yang et al., 
2026). However, extracting quantitative flow metrics from these time-
sequenced images remains challenging due to image noise, low frame 
rates, cardiac motion, and vessel overlap, all of which create conditions 
that make it difficult to directly track the contrast front advancing 
through the coronary arterial tree.

Recent advances in physics-informed machine learning offer a
promising pathway for addressing the inverse problem of inferring 
‘hidden’ hemodynamic variables, such as blood velocity, from ob-
served contrast dye transport dynamics. In contrast to conventional 
data-driven approaches, physics-informed neural networks (PINNs) 
incorporate known physical laws directly into the learning process, 
allowing the estimation of hidden physiological quantities from indirect 
measurements, such as medical images (Raissi et al., 2019). However, 
most existing PINN-based approaches yield only deterministic point 
estimates and provide no measure of confidence, which is an important 
limitation in clinical settings where image quality, motion, and contrast 
delivery can vary substantially (Yang and Perdikaris, 2019; Zou et al., 
2025; Linka et al., 2022).
2 
Here, we introduce an uncertainty-aware, physics-informed frame-
work to estimate CFR  from paired resting and hyperemic coronary 
angiographic acquisitions. Because coronary angiography is itself an 
invasive catheter-based procedure, the practical claim we make is not 
that the assessment is non-invasive, but that it is wire-free: it avoids the 
additional intravascular pressure-wire or Doppler-wire instrumentation 
otherwise required for invasive CFR measurement, and it relies on 
imaging that is acquired during a procedure already being performed. 
The key insight is simple: contrast material injected during angiography 
behaves as an intravascular tracer. As it travels through the coronary 
artery, it is transported by blood flow and simultaneously spreads due 
to velocity heterogeneity and mixing. Transport observations encode 
information about coronary blood flow and microvascular resistance.

Our approach leverages this physical behavior to infer flow dy-
namics from angiographic image sequences while explicitly quantifying 
uncertainty. Rather than relying on population-level training or labeled 
flow data, each patient is independently analyzed using first-principles 
contrast transport physics. Importantly, the framework produces not 
only a CFR estimate, but also a credible interval that reflects the 
uncertainty related to image quality, motion artifacts, and incomplete 
contrast filling. This uncertainty-aware formulation enables a safer 
interpretation of angiography-derived physiology and provides a path-
way toward robust, wire-free assessment of coronary microvascular 
function from imaging acquired during invasive angiographic proce-
dures already used in clinical care. We position the present study as 
a proof-of-concept feasibility evaluation.
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Fig. 2. Kymograph construction from coronary angiography. Spatiotemporal representation of contrast transport enables velocity inference. (a) Sequential 
fluoroscopy frames show progressive contrast dye advancement through the left anterior descending (LAD) coronary artery. Vessel centerline tracking identifies 
corresponding anatomical positions across frames. (b) Stacking intensity profiles along the centerline over time constructs a kymograph where the 𝑥-axis represents 
distance along the vessel (𝑠) and the 𝑦-axis represents time (𝑡). Diagonal patterns in the kymograph reflect contrast propagation, with slope 𝛥𝑠∕𝛥𝑡 approximating 
local blood velocity 𝑢. This representation transforms the inverse problem of velocity estimation from fluoroscopy into a tractable physics-informed learning task 
governed by advection–diffusion dynamics.
2. Materials and methods

2.1. Overview of the flow estimation framework

The goal of the proposed framework is to estimate the CFR from 
paired resting and hyperemic coronary angiographic acquisitions while 
providing an explicit measure of confidence in each prediction. CFR is 
defined clinically as the ratio of blood flow during pharmacologically 
induced hyperemia to that at rest and is a key marker of coronary 
microvascular function.

To achieve this, we model how injected contrast material moves 
and spreads along the coronary artery over time. We focus on the left 
anterior descending (LAD) artery as this is the most common artery 
studied in coronary microvascular dysfunction testing in routine clini-
cal practice. Because coronary flow is predominantly longitudinal over 
the imaged segment of the LAD, contrast transport can be approximated 
as a one-dimensional process along the centerline of the vessel (Fig. 
1). This approximation is widely used in indicator-dilution theory and 
enables tractable inference from standard fluoroscopic images without 
requiring three-dimensional vessel reconstruction (Zierler, 1962, 2000).

Clinical angiograms often exhibit noise, motion artifacts, variable 
contrast injection, and incomplete vessel opacification. To account 
for these factors, the framework explicitly models uncertainty during 
inference. A shared latent variable of dimension 𝑍 , denoted 𝐳, is 
dim

3 
introduced to represent unobserved sources of data degradation and 
physiological variability. Conceptually, this latent variable allows the 
model to express lower confidence when the observed image data are 
ambiguous or degraded, and higher confidence when the data are clear 
and consistent with physical expectations (Kingma and Welling, 2014; 
Rezende et al., 2014).

From each angiographic sequence, the model estimates three phys-
ically significant quantities:

1. contrast intensity along the vessel as a function of space co-
ordinate (𝑠) and time (𝑡) conditioned on the latent vector (𝐳), 
𝐼(𝑠, 𝑡; 𝐳);

2. cross-sectionally averaged and time-averaged axial blood veloc-
ity conditioned on the latent vector, 𝑢(𝑠; 𝐳); and

3. an effective dispersion coefficient conditioned on the latent vec-
tor, 𝐷(𝑠, 𝑡; 𝐳), which captures contrast spread due to velocity 
variations, mixing, and unresolved three-dimensional effects.

Together, these quantities describe how contrast propagates through 
the coronary artery and form the basis for estimating flow reserve.

The three quantities 𝐼(𝑠, 𝑡; 𝐳), 𝑢(𝑠; 𝐳), and 𝐷(𝑠, 𝑡; 𝐳) are represented 
using neural networks that are trained jointly under physical con-
straints. These networks are optimized in such a way that the predicted 
contrast dynamics satisfy the governing laws of contrast transport while 
remaining consistent with the observed angiographic intensities.
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Fig. 3. Physics-informed neural networks with variational inference enable joint rest–hyperemia modeling. The framework consists of three subnetworks per 
physiological state: intensity predictor 𝐼(𝑠, 𝑡), velocity predictor 𝑢(𝑠), and dispersion predictor 𝐷(𝑠, 𝑡). Rest (subscript R) and hyperemia (subscript H) branches 
share a common latent variable 𝑧 ∈ R𝑑𝑧  sampled from a learned variational posterior 𝑞𝜙(𝑧), ensuring coherent uncertainty propagation between states. Training 
optimizes a composite loss combining data fidelity to observed noisy kymographs (Data), physics-based residuals enforcing the advection–diffusion PDE (PDE), 
and Kullback–Leibler regularization (𝜆KL KL). Automatic differentiation computes spatial and temporal derivatives for physics enforcement. At inference, Monte 
Carlo sampling from the posterior generates distributions over velocity fields and CFR, yielding probabilistic estimates with model-predicted confidence intervals.
To derive the law of contrast transport, we introduce another vari-
able 𝐴(𝑠, 𝑡) to represent the cross-sectional area of the LAD. We use 
simplified notation in the following text for readability. By conserving 
the mass of blood and contrast fluid in an infinitesimal section of LAD, 
we arrive at the equations: 
𝜕𝐴
𝜕𝑡

+ 𝜕
𝜕𝑠

(𝑢𝐴) = 0, 𝜕
𝜕𝑡

(𝐼𝐴) + 𝜕
𝜕𝑠

(𝑢𝐼𝐴) = 𝜕
𝜕𝑠

(

𝐴𝐷𝜕𝐼
𝜕𝑠

)

. (1)

Combining the two equations leads to a simplified statement of contrast 
agent conservation: 
𝜕𝐼
𝜕𝑡

+ 𝑢 𝜕𝐼
𝜕𝑠

= 1
𝐴

𝜕(𝐴𝐷)
𝜕𝑠

𝜕𝐼
𝜕𝑠

+𝐷𝜕2𝐼
𝜕𝑠2

. (2)

The effective Péclet number for contrast agent transported within the 
LAD is high: in a typical fit of our model to experimental data, we 
find Pe ≡ 𝑢𝐿∕𝐷 ∼ 4000, based on a typical vessel length 𝐿 ∼ 0.1 m, 
dispersion coefficient 𝐷 ∼ 10−6 m2∕s and blood flow velocity 𝑢 ∼
0.04 m∕s. This means that the advective terms on the left-hand side of 
the equation dominate over diffusion, which is consistent with imaging 
data showing a uniform bolus of contrast agent advancing through 
the vessel. The only place where diffusion is strong enough to balance 
advection is in short regions of length ∼𝑑∕Pe1∕2 around the leading and 
trailing fronts of the bolus, where 𝑑 is the vessel diameter. Because 
4 
gradients in 𝐼 are stronger than gradients of 𝐴 or 𝐷, within these 
short regions we may at leading order neglect the first term on the 
right-hand side, whereas away from the fronts both diffusion terms 
are negligible. Hence we arrive at a uniformly valid approximation for 
the one-dimensional advection–diffusion of contrast agent through the 
vessel: 
𝜕𝐼
𝜕𝑡

+ 𝑢 𝜕𝐼
𝜕𝑠

−𝐷𝜕2𝐼
𝜕𝑠2

= 0. (3)

Here, the diffusion term provides viscosity regularization (Evans, 2010) 
of sharp fronts of transported contrast agent.

Model training is formulated as a multi-objective optimization prob-
lem combining three terms: 
 = Data + PDE + 𝜆KL KL

(

𝑞𝜙(𝐳) ∥ 𝑝(𝐳)
)

, (4)

where Data enforces agreement with observed angiographic intensi-
ties, PDE enforces physical consistency, and the final term regular-
izes the uncertainty representation. This regularization is a Kullback–
Leibler regularization term which prevents overfitting while allowing 
uncertainty to increase adaptively in regions of poor data quality.

At inference time, uncertainty is propagated by sampling 𝐳 from 
the learned posterior (𝑁 = 100 samples), producing a distribution of 
predicted velocity and dispersion fields (Gal and Ghahramani, 2016; 
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Fig. 4. Numerical simulation enables systematic evaluation under known ground truth. The one-dimensional advection–dispersion equation is solved numerically 
with randomly generated velocity profiles 𝑢(𝑠) and dispersion coefficients 𝐷(𝑠, 𝑡) to produce noise-free synthetic kymographs. Realistic angiographic noise and 
artifacts are then applied, including Poisson shot noise, spatial blur, low-frequency intensity variations, vertical banding, localized intensity dropout, and temporal 
pixelation. This corruption pipeline generates 1000 synthetic cases spanning mild to severe degradation, enabling quantitative assessment of model accuracy, 
uncertainty calibration, and robustness to image quality deterioration under controlled conditions where true flow parameters are known.
Kingma and Welling, 2014). CFR is computed for each sample as the 
ratio of spatially averaged velocity during hyperemia to that at rest, 

CFR =
𝑢̄hyper
𝑢̄rest

=
1
𝐿 ∫ 𝐿

0 𝑢hyper (𝑠; 𝐳) d𝑠
1
𝐿 ∫ 𝐿

0 𝑢rest (𝑠; 𝐳) d𝑠
, (5)

where 𝐿 denotes the length of the vessel. Final CFR estimates are 
reported as the mean and 95% credible intervals of the resulting 
distribution, providing both a point estimate and an explicit measure 
of confidence.

2.2. Network architecture

The proposed framework consists of three physics-informed sub-
networks that model contrast intensity, axial velocity, and effective 
dispersion, respectively. Each subnetwork is implemented as a fully 
connected multilayer perceptron with hyperbolic tangent activations. 
The intensity network takes spatial position, time, and a shared latent 
variable as input, whereas the velocity network depends on spatial 
position and the latent variable, and the dispersion network depends 
on spatial position, time, and the latent variable. Compact architectures 
were sufficient for stable convergence, with the intensity network com-
prising three hidden layers of 64 units, and the velocity and dispersion 
networks comprising two hidden layers of 32 units each.

To enforce physical plausibility, velocity and dispersion outputs are 
explicitly bounded through sigmoid-based parameterizations. Velocity 
predictions are constrained to physiologically realistic ranges after nor-
malization, while dispersion coefficients are restricted to a predefined 
interval consistent with prior estimates of contrast transport in the 
coronary arteries. These bounds are applied identically to both the rest 
state and the hyperemic state.

Rest and hyperemic conditions are modeled using a dual-branch 
architecture in which each physiological state is represented by an 
independent set of subnetworks for intensity, velocity, and dispersion, 
while sharing a common latent variable 𝐳 (Fig.  3). This shared latent 
representation is inferred via variational inference and captures global, 
unobserved factors such as image quality, contrast injection variability, 
and acquisition noise. By coupling the two physiological states through 
the same latent variable, the uncertainty is coherently propagated 
between rest and hyperemia, ensuring that the quality of degraded 
data in one condition induces correlated uncertainty in the other and 
producing coupled rest–hyperemia uncertainty estimates for CFR.

The latent variable is modeled using a Gaussian variational posterior 
with learned mean and variance, regularized to a specified prior via 
5 
a Kullback–Leibler divergence penalty. Sampling from this posterior 
during training enables uncertainty-aware estimation of flow-related 
quantities without requiring ground-truth velocity supervision. All sub-
networks are trained jointly by minimizing a composite loss comprising 
physics-based residuals of the advection–diffusion equation, data fi-
delity terms on observed angiographic intensities, and the variational 
regularization term.

Rest and hyperemic angiograms were acquired in matched right 
anterior oblique–cranial (RAO–CRA) projections, and point correspon-
dence between frames within a single video was established using 
point-tracking algorithms (LocoTrack; Cho et al. (2024)), allowing 
consistent spatial parameterization across physiological states. Within 
each video, intra-acquisition motion is compensated along the LAD 
centerline by LocoTrack-based point tracking; between the rest and 
hyperemic acquisitions, frames are matched by RAO–CRA projection 
but not by cardiac phase, so residual phase mismatch between the two 
states is absorbed into the modeled measurement/identifiability uncer-
tainty captured by the shared latent 𝐳 (see Uncertainty Quantification, 
below).

2.3. Training protocol

The framework is optimized independently for every patient (or ev-
ery synthetic case), with no parameter sharing between cases. This 
per-patient training design eliminates concerns about generalization 
between heterogeneous populations and about data leakage between 
training and test sets, but means that each new case requires its own 
short optimization on a single GPU.

For each case, all three subnetworks (intensity 𝐼 , velocity 𝑢, disper-
sion 𝐷) and the variational posterior parameters (𝝁𝑧, log𝝈2

𝑧) are jointly 
optimized with the Adam optimizer at an initial learning rate of 10−3, 
with a cosine-annealing learning-rate schedule over the full training 
horizon. Each iteration draws 𝑁𝑓 = 2000 collocation points per state 
(sampled uniformly on the (𝑠, 𝑡) rectangle) for the PDE residual, 𝑁𝑑 =
2000 data points per state (sampled uniformly from the kymograph 
grid) for the data-fidelity term, and one reparameterized latent sample 
𝐳 = 𝝁𝑧 + 𝝈𝑧 ⊙ 𝝐, 𝝐 ∼  (0, 𝐼), for the KL term.

Intensity inputs are normalized per kymograph to the unit interval 
prior to training. Spatial and temporal coordinates are normalized 
by the arc-length of the imaged LAD segment and by the recording 
duration respectively, separately for the rest and hyperemic states; the 
bounds on 𝑢 and 𝐷 in the sigmoid-parameterized outputs are rescaled 
consistently. The PDE residual is evaluated by automatic differentiation 
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on the dimensionless coordinates and does not require explicit Dirichlet 
or Neumann boundary terms; the inlet and outlet behavior is implicit 
in the data-fidelity loss.

For the model-selection grid (Tables 6–22), each combination of 
prior standard deviation 𝜎𝑝 ∈ {0.5, 1, 2, 5, 10, 15} and KL weight 𝜆KL ∈
{10−4, 10−3, 10−2} was trained under the same protocol; the prior mean 
was held fixed at 𝝁𝑝 = 45 for all configurations. We emphasize that the 
per-case uncertainty is carried by the posterior standard deviation of 
the latent rather than by the prior mean; 𝝁𝑝 and 𝜎𝑝 are model-selection 
hyperparameters, and the latent itself remains an abstract per-case 
variable whose posterior spread reflects measurement/identifiability 
uncertainty (image quality, motion, incomplete filling). The configu-
ration selected for the clinical evaluation reported in Section 3.3 used 
𝜎𝑝 = 2, 𝜆KL = 10−3, latent dimension 𝑍dim = 1, and a training horizon 
chosen to converge the composite loss under the cosine schedule (see 
Tables 6–22 of the Supplement for the full grid). We additionally
propose a composite selection criterion balancing accuracy, coverage, 
sharpness, and threshold-based decision performance, stated explicitly 
in Section 3 but not applied to the results reported here.

To characterize sensitivity to initialization and to the stopping point, 
we repeated the per-patient inference on ten matched synthetic cases 
across five random seeds at the operating configuration. The inferred 
CFR was stable across seeds, with a median coefficient of variation 
of 0.8% (mean 1.1%, maximum 3.8%). Varying the training horizon 
over 7000, 10,000, and 13,000 epochs changed the inferred CFR by a 
median of 0.6% (7000 vs. 10,000 epochs) and 0.1% (13,000 vs. 10,000 
epochs), indicating that the inference has effectively converged by the 
chosen horizon.

2.4. Uncertainty quantification

During inference, 𝑁 = 100 Monte Carlo samples of 𝐳 were drawn to 
approximate the posterior over flow fields. For each sample 𝑖, CFR𝑖 =
𝑢̄(𝑖)hyper∕𝑢̄

(𝑖)
rest was computed, and the mean and percentile-based 95% 

credible intervals were reported.

2.5. Statistical analysis

The correlation between predicted and invasively measured CFR 
was assessed using Spearman rank correlation. Agreement between 
methods was evaluated using Bland–Altman analysis (Bland and Alt-
man, 1986) and the concordance correlation coefficient (CCC). Calibra-
tion of predicted uncertainty intervals was assessed by computing the 
fraction of ground-truth (synthetic) or invasive (clinical) CFR values 
contained within the model’s 95% credible intervals. For synthetic 
datasets where true values were known, the uncertainty–error corre-
lation was calculated to quantify whether higher predicted uncertainty 
corresponded to greater absolute error.

2.6. Synthetic data generation

To enable controlled evaluation of model accuracy, robustness, 
and uncertainty calibration under known ground truth, we generated 
1000 synthetic coronary angiogram sequences using a physics-based 
forward model of contrast transport. The advection–diffusion equa-
tion was numerically solved using a method-of-lines framework with 
high-resolution finite-volume advection and finite-difference diffusion, 
integrated in time with an explicit Runge–Kutta ODE solver (Fig.  4). 
This synthetic framework allowed systematic variation of flow dy-
namics and image quality while retaining direct access to the true 
underlying parameters.

The propagation of contrast along the vessel centerline was modeled 
as a one-dimensional transport process governed by advection and 
dispersion, reflecting contrast motion with blood flow and its spreading 
due to velocity heterogeneity and mixing. Specifically, contrast inten-
sity 𝐼(𝑠, 𝑡) was generated by solving Eq. (3). Physiologically plausible 
6 
velocity profiles were randomly generated for each sequence. Mean 
resting velocities were sampled between 10 and 20 cm∕s for typical 
cases, while 25% of the sequences were designated as atypical stress-
test cases with elevated resting velocities of 20–40 cm∕s. Spatial velocity 
variations were introduced using smooth, localized modulations along 
the vessel to mimic focal acceleration or deceleration. Hyperemic flow 
was simulated by scaling resting velocities using a randomly sampled 
CFR, drawn from 1.5 to 4.0 for typical cases and 1.0 to 2.0 for low-CFR 
cases. The sampled CFR range spans the invasive CFR distribution of 
the 20-patient clinical cohort, and the two distributions are statistically 
indistinguishable by a two-sample Kolmogorov–Smirnov test (𝐷 = 0.19, 
𝑝 = 0.45; Fig.  5).

The contrast injection was modeled as a finite-duration inlet pulse 
with a randomized onset time and duration, while the length of the 
vessel (6–10 cm) and the total simulation time (3–6 s) were inde-
pendently sampled for rest and hyperemia. The simulated durations 
(3–6 s) match the temporal window typical of clinical acquisitions. 
The dispersion coefficient was sampled over an order-of-magnitude 
physiological range to reflect inter-patient variability. All simulated 
intensity fields were normalized to the unit interval.

To emulate real-world angiographic acquisition, synthetic kymo-
graphs were subsequently corrupted with realistic imaging artifacts, 
including shot noise, spatial blur, low-frequency intensity inhomogene-
ity, banding artifacts, localized contrast dropout, and temporal down-
sampling consistent with clinical frame rates. Overall image degrada-
tion was modulated by a scalar noise factor spanning mild to severe 
conditions.

In this base (matched-model) dataset the forward model shares the 
same 1D advection–diffusion form, Eq. (3), that is enforced as a soft 
constraint during inference, and hyperemic sequences are constructed 
by scaling the resting velocity field by a sampled CFR. To probe 
sensitivity to this construction, we additionally generated two model-
mismatch datasets whose data-generating physics is deliberately richer 
than the inference PDE. In the first, contrast transport is solved in the 
full mass-conservation form along a vessel with physiologically tapering 
cross-sectional area 𝐴(𝑠) (a 20%–40% area reduction over a 6–10 cm 
proximal–mid LAD segment), 
𝜕𝐼
𝜕𝑡

+ 𝑢(𝑠) 𝜕𝐼
𝜕𝑠

= 𝐷 𝜕2𝐼
𝜕𝑠2

+ 𝐷
𝐴

𝑑𝐴
𝑑𝑠

𝜕𝐼
𝜕𝑠

, 𝑢(𝑠) =
𝑢in 𝐴in
𝐴(𝑠)

, (6)

where the velocity profile 𝑢(𝑠) follows from mass conservation and the 
additional geometric term (𝐷∕𝐴)(𝑑𝐴∕𝑑𝑠) 𝜕𝑠𝐼 encodes the area-driven 
transport that a constant-area model omits. PUNCH inference is applied 
without modification, enforcing only the reduced constant-area resid-
ual of Eq. (3); the tapering term and the area-driven velocity gradient 
are therefore unknown to the inference model, creating a genuine 
geometric mismatch between the data-generating and the inference 
physics. Ground-truth CFR is read out post hoc as the ratio of spatial-
mean velocities rather than imposed on the inference. The resulting 
matched-versus-mismatch comparison is reported in Section 3 (Table 
1). We additionally generated a tapering + side-branch set that augments 
the tapered geometry with 2–4 side-branch outflow sinks at locations 
𝑠𝑖 along the segment, each draining a fraction 𝛼𝑖 of the arriving flow so 
that 𝑢(𝑠)𝐴(𝑠) = 𝑢in𝐴in

∏

𝑗∶ 𝑠𝑗≤𝑠(1−𝛼𝑗 ); the resulting downstream velocity 
reductions and contrast loss are likewise absent from the constant-
area inference model. This set therefore combines two simultaneous 
mismatch sources (tapering geometry and branch sinks).

2.7. Clinical data acquisition

All angiographic and invasive measurements were acquired as part 
of routine clinical care and subsequently used for retrospective anal-
ysis from the University of Michigan Health System. Cases included 
those in whom CFR testing was done for routine clinical indications. 
Standard coronary angiography was performed in the right anterior 
oblique–cranial projection at the clinically common frame rate of 10 
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Fig. 5. Distribution of sampled synthetic CFR (𝑛 = 1000) and invasive clinical CFR (𝑛 = 20). The synthetic sampling range covers the clinical range, and the two 
distributions are statistically indistinguishable (two-sample Kolmogorov–Smirnov 𝐷 = 0.19, 𝑝 = 0.45).
or 15 frames per second. We used rest and hyperemic angiographic 
acquisitions from matched projections to minimize foreshortening and 
motion-related artifacts and to ensure consistent spatial correspon-
dence between physiological states.  Invasive CFR was measured by 
bolus thermodilution following the established protocol (Barbato et al., 
2004; Fearon et al., 2003). Briefly, three injections of 3 mL room-
temperature saline were delivered into the proximal LAD at rest, and 
the mean resting transit time Tmnrest was computed as the average 
of the three transit-time curves recorded by the distal thermistor of 
a pressure/temperature wire. Pharmacological hyperemia was then 
induced by intravenous adenosine at 140 μg kg−1 min−1; three additional 
saline boluses were delivered during the hyperemic plateau, yielding 
Tmnhyp. Invasive CFR was then computed as CFRinv = Tmnrest∕Tmnhyp, 
since mean transit time is inversely proportional to flow. Bolus ther-
modilution has been reported to yield systematically higher CFR values 
than continuous thermodilution (Gallinoro et al., 2023; Jansen et al., 
2023; Fawaz et al., 2024); we report this as context for interpreting 
agreement with PUNCH in Section 3.3 rather than as an explanation 
for any specific bias.

2.8. Image processing and intensity extraction

The angiogram of each patient was processed in a standardized 
workflow:

1. Automated vessel segmentation. LAD centerlines were ex-
tracted using a modified SAM2-UNet (Xiong et al., 2026) archi-
tecture with dynamic snake convolution layers (Qi et al., 2023) 
which was optimized using binary LAD segmentation masks. We 
manually verified the centerline tracking of the LAD for each 
patient.

2. Point tracking. Point correspondence was established between 
frames within a single video, allowing consistent measurements 
of image intensity using the LocoTrack algorithm (Cho et al., 
2024).

3. Contrast isolation. Multi-scale Hessian filtering was applied to 
enhance contrast intensity and suppress background structures.

4. Spatial calibration. DICOM metadata were used to convert 
pixel coordinates to millimeters.

5. Intensity field construction. Filtered frames were stacked over 
time to form a kymograph of 𝐼(𝑠, 𝑡) (Fig.  2), where 𝑠 denotes the 
arc-length along the centerline of the vessel.
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Collocation points for evaluating physics residuals were uniformly 
sampled along the vessel and across time frames within regions of reli-
able tracking. The supervised data points corresponded to all spatiotem-
poral locations with valid Hessian-filtered intensity measurements.

For the clinical cases the kymograph uses all frames of the acquired 
sequence, with no manual selection of a start frame, end frame, or 
sub-window, so the temporal window is set by the acquisition rather 
than by the operator. Because CFR is determined by the contrast-
front slope rather than by the number of baseline or washout frames, 
reasonable variation of the start frame, end frame, or sequence length 
that still brackets contrast passage leaves the inferred CFR essentially 
unchanged.

3. Results

3.1. Clinical interpretation of uncertainty

In the proposed framework, each CFR estimate is accompanied by 
a model-predicted credible interval that reflects data quality rather 
than population variability. Narrow credible intervals indicate that 
the observed angiographic contrast dynamics are internally consistent 
and strongly constrain the inferred flow parameters. Conversely, wide 
intervals signal ambiguity arising from factors such as motion artifacts, 
incomplete contrast filling, or low signal-to-noise ratio. Clinically, this 
distinction is useful for triage:  a low CFR estimate with a narrow 
model-derived uncertainty interval may warrant further investigation 
for coronary microvascular dysfunction, whereas high-uncertainty esti-
mates suggest that selecting alternative angiogram projections, repeat 
imaging, or adjunctive physiological testing may be warranted. By ex-
plicitly communicating uncertainty, the framework enables risk-aware 
interpretation of angiography-derived physiology and aims to reduce 
the likelihood of false certainty from degraded data.

3.2. Validation on synthetic kymographs

Point-estimate accuracy was optimal in an intermediate regime, 
with MAE values as low as 0.035 (Table 7) and RMSE below 0.10 
(Table 8) for moderate prior variance and KL regularization. In this 
regime, Deming regression analysis (Linnet, 1993) demonstrated near-
unity slopes (0.96–0.98; Table 10) and small intercepts (Table 11), 
indicating minimal proportional bias and good agreement with ground 
truth throughout the dynamic range. The mean bias remained small and 
consistently negative across all configurations (Table 12), reflecting a 
mild conservative tendency that increased with stronger regularization.
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Beyond aggregate error metrics, we evaluated the diagnostic per-
formance of both posterior means and credible interval bounds at 
the standard CFR classification threshold of 2.5, consistent with the 
clinical CMD analysis in Section 3.3. The sensitivity and specificity 
of the posterior mean exceeded 0.95 in most configurations (Tables 
13 and 14), while the lower and upper credible bounds maintained 
high specificity (Tables 16 and 18) and sensitivity exceeding 0.90 for 
moderate regularization strengths (Tables 15 and 17). These results 
indicate that, on synthetic data, the posterior-mean and credible-bound 
estimates preserve clinically meaningful threshold-based discrimination 
at the CFR threshold; this concerns classification accuracy rather than 
interval calibration, which we examine below.

We examined the effect of latent dimensionality in the variational 
posterior for representative configurations with prior standard devia-
tion = 10 and prior standard deviation = 2 at 𝜆KL = 10−3 (Tables 19 
and 21). Increasing the latent dimension beyond one to two dimensions 
resulted in progressively worse performance across multiple metrics, 
including reduced coverage, increased error, and decreased sensitivity 
of the lower credible bound. These degradations occurred without 
compensatory gains in uncertainty sharpness, indicating overparame-
terization of the latent space. In contrast, low-dimensional latent rep-
resentations (𝑍dim = 1–2) achieved the best balance between accuracy, 
calibration, and interval sharpness.

We additionally assessed robustness to reduced temporal sampling 
by varying the effective frame rate of the angiographic sequences for 
the same representative configurations (Tables 20 and 22).  For the 
operating configuration selected for the clinical evaluation (𝜎𝑝 = 2, 
𝜆KL = 10−3, Table 22), decreasing the effective frame rate from 15 to 
7.5 frames per second produced non-negligible degradation in point-
estimate accuracy: MAE rose from 0.034 to 0.086 and RMSE from 
0.068 to 0.158 (an approximately 2.5-fold increase), and the sensitiv-
ity of the lower credible bound decreased from 0.95 to 0.86, while 
95% coverage remained essentially unchanged and below nominal 
(0.672 to 0.674). Uncertainty intervals widened with reduced temporal 
resolution (sharpness increasing roughly in proportion to the error), 
indicating that the model expresses greater uncertainty as the informa-
tion content of the input decreases rather than producing overconfident 
estimates. Clinical acquisitions at 10–15 fps fall within the tested range, 
but the present results should be read as a preliminary characterization 
at the operating point rather than as evidence of frame-rate invariance.

Collectively, these results demonstrate that the proposed framework 
achieves accurate CFR estimation under controlled synthetic condi-
tions, while explicitly exposing the trade-offs between accuracy and 
uncertainty across all evaluated hyperparameters. We note explicitly 
that, on this matched-model synthetic set, the selected operating config-
uration achieves coverage below the nominal 95% level (Table 6), and 
no configuration in the hyperparameter grid reaches nominal coverage; 
we therefore characterize the raw posterior intervals as under-dispersed, 
and discuss the recalibration step required to correct this in the Lim-
itations. A reliability diagram across nominal credible levels (Fig.  6) 
confirms this under-dispersion over the full range of nominal coverage, 
with an expected calibration error (ECE) of 0.17; the post-hoc split-
conformal recalibration described in the Limitations restores nominal 
95% coverage.

The model’s uncertainty increases predictably with image degra-
dation, which makes it useful for ranking estimates by reliability and 
for quality control; given the under-coverage noted above, we do not 
present it as a calibrated clinical interval (see Limitations).  The oper-
ating point used for the clinical evaluation (𝜎𝑝 = 2, 𝜆KL = 10−3, latent 
dimension 𝑍dim = 1) was selected from the grid in Tables 6–22 on the 
basis of point-estimate accuracy (MAE) together with the raw coverage 
and sharpness reported there. To weigh accuracy against calibration 
and decision performance rather than accuracy alone, we additionally
propose a composite model-selection criterion for future use, combining 
(i) mean absolute error, (ii) coverage at the 95% level, (iii) mean 
95% interval width as a sharpness penalty, and (iv) threshold-based 
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Fig. 6. Reliability diagram on the matched synthetic set (𝑛 = 1000, operating 
configuration 𝜎𝑝 = 2, 𝜆KL = 10−3). Empirical coverage falls below the nominal 
line at every level (raw expected calibration error ECE = 0.17), indicating 
systematic under-dispersion of the raw posterior intervals. The split-conformal 
scaling described in the Limitations is anchored to restore nominal 95% 
coverage.

classification accuracy at the clinical cut-off CFR < 2.5. We state this 
criterion explicitly so that the operating-point trade-off is transparent; 
it is proposed as a model-selection criterion and is not applied to the 
results reported here.

To address the concern that the synthetic evaluation may be op-
timistic because the data-generating physics shares the advection–
diffusion form enforced at inference (the ‘‘inverse-crime’’ risk), we 
additionally evaluated PUNCH on two model-mismatch synthetic sets 
whose forward models are structurally richer than the inference PDE: 
a tapering set (full mass-conservation transport with spatially varying 
cross-sectional area 𝐴(𝑠), Eq. (6)), and a tapering + side-branch set that 
additionally drains a fraction of the arriving flow into 2–4 side-branch 
outflow sinks along the segment (Methods, Synthetic data generation). 
PUNCH was applied without modification at the identical operating 
configuration used for the clinical evaluation (𝜎𝑝 = 2, 𝜆KL = 10−3, 
𝑍dim = 1, 15 fps). The two mismatch sets are generated independently 
(each with its own random draws of velocities, CFR, geometry, and 
acquisition parameters), and each is reported on a common 256 cases so 
the two are directly comparable; a small number of non-converged opti-
mizations were excluded. Table  1 reports the result. Under tapering the 
Deming slope is essentially unchanged (0.977 → 0.968) and the correla-
tion remains strong (𝑟 = 0.980), with mean absolute error rising from 
0.034 to 0.088 CFR units; the tapering + side-branch set gives slope 
0.978, 𝑟 = 0.996, and MAE 0.054. Because the two mismatch sets are 
independent random draws rather than the same cases with branches 
added, the absolute error differs between them (the side-branch set 
happens to contain easier draws), so these numbers should not be read 
as ‘‘more mismatch yields lower error’’ for a fixed case; the controlled 
and consistent finding is that under both mismatches the Deming slope 
and correlation are essentially preserved (slope ≈ 0.97–0.98, 𝑟 ≥ 0.98) 
while interval coverage falls relative to the matched model (matched 
0.672; tapering 0.535; tapering + side-branch 0.574). The dominant 
effect of model mismatch is thus on uncertainty coverage, reinforcing 
rather than contradicting our finding that the raw posterior intervals 
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Table 1
Model-mismatch validation: CFR recovery under (a) vessel tapering and (b) 
tapering plus side-branch outflow. PUNCH is applied at the identical clinical 
operating configuration to the matched-model set (constant-area, the same 
advection–diffusion PDE enforced at inference), a tapering set (full mass-
conservation, 𝐴(𝑠), Eq. (6)), and a tapering + side-branch set (2–4 outflow 
sinks; Methods). Each mismatch set is subsampled to 256 usable cases; the 
matched set is reported in full. Bias denotes mean (predicted − true) CFR; 
lower MAE/RMSE and a Deming slope closer to 1 indicate better recovery.
 Condition 𝑁 MAE RMSE Deming 

slope
Pearson 𝑟 95% 

coverage
 

 Matched (constant-area) 1000 0.034 0.068 0.977 0.997 0.672  
 Tapering (𝐴(𝑠)) 256 0.088 0.184 0.968 0.980 0.535  
 Tapering + side-branch 256 0.054 0.092 0.978 0.996 0.574  

are under-dispersed, while point-estimate and ranking accuracy remain 
robust; the agreement reported below is therefore not an artifact of the 
matched-model assumption.

To attribute PUNCH’s performance to its individual components, 
we ran an ablation on the first 256 synthetic cases at the clinical 
operating configuration, removing one component at a time (Table 
2). Removing the PDE constraint (data-fit only) changes MAE from 
0.032 to 1.380 and the Deming slope to 0.049 (𝑟 = 0.135): because 
the velocity and dispersion fields enter the objective only through 
the physics residual, this constraint is essential — without it those 
fields receive no training signal and the inferred CFR is uninforma-
tive. A deterministic variant (no variational latent, no KL term) gives 
slightly better point accuracy (MAE 0.021 vs. 0.032) but collapses 
the predictive interval (coverage 0.000): the variational formulation 
therefore trades a small amount of point accuracy for usable, error-
ranking uncertainty rather than improving the point estimate itself. 
Replacing the shared rest/hyperemia latent with independent latents 
leaves point accuracy essentially unchanged (Deming slope 0.982); its 
slightly higher coverage (0.746) is obtained with wider, less sharp 
intervals (mean width 0.095 vs. 0.070) rather than better calibra-
tion, while the shared latent provides a single, more parsimonious 
source of coupled rest/hyperemia uncertainty. Finally, an MC-dropout 
uncertainty model in place of the variational posterior (dropout rate 
0.1, 100 Monte Carlo samples, identical architecture and physics loss) 
yields markedly smaller CFR uncertainty (mean 95% interval width 
0.001 vs. 0.070 for the variational posterior; coverage 0.004). This 
degeneracy is structural rather than a tuning artifact: per-point dropout 
noise averages out over the spatial domain, whereas the shared latent 
perturbs the velocity field coherently, so the variational posterior yields 
more faithful CFR uncertainty for this spatially-aggregated quantity. We 
did not pursue a deep-ensemble or full Bayesian-PINN posterior, as both 
multiply the per-patient inference cost by the ensemble/chain size and 
are incompatible with the few-minute operating point.

3.3. Clinical validation

The clinical evaluation here is a feasibility-scale, single-center study 
(20 patients, LAD assessment in matched right anterior oblique–cranial 
projections); the requirements for broader validation are addressed in 
the Limitations.

Clinical validation was performed in a cohort of 20 patients who 
underwent a standard invasive CFR assessment using the bolus ther-
modilution technique. For each patient, three repeated measurements 
were acquired at rest and during pharmacologically induced hyper-
emia using intravenous adenosine at 140 μg kg−1 min−1. Invasive CFR 
was calculated as the ratio of mean hyperemic to mean resting flow 
values (Barbato et al., 2004; Fearon et al., 2003). The CFR estimates 
derived from PUNCH were obtained independently for each case and 
summarized by their posterior mean and standard deviation.

To quantify experimental uncertainty in the invasive CFR mea-
surements, a nonparametric bootstrap approach was employed. Given 
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Table 2
Ablation and uncertainty-method comparison on the first 256 synthetic cases at 
the clinical operating configuration, against matched-model ground truth. Each 
row removes or replaces one component: −PDE (data-fit only), deterministic 
(no variational latent/KL), separate rest/hyperemia latents (no shared latent), 
and MC-dropout uncertainty (in place of the variational posterior). Lower 
MAE/RMSE and a Deming slope and coverage closer to the full model indicate 
a smaller contribution from that component; markedly different values indicate 
an essential one. The full-model coverage here (0.669) is computed on the 
248-case common subset shared by all variants; it corresponds to the same 
operating point as the 0.672 reported on the model-mismatch set (Table  1) and 
the 0.671 in the hyperparameter grid (Table 6), the small differences reflecting 
the different case subsets.
 Variant MAE RMSE Deming slope Pearson 𝑟 95% cov. 
 Full PUNCH 0.032 0.058 0.980 0.998 0.669  
 −PDE constraint 1.380 1.600 0.049 0.135 0.012  
 Deterministic (− variational) 0.021 0.039 0.995 0.999 0.000  
 Separate latents 0.034 0.056 0.982 0.998 0.746  
 MC-dropout UQ 0.081 0.133 0.941 0.992 0.004  

three repeated measurements at rest and three during hyperemia, all 
possible replacement combinations were enumerated for each condi-
tion (i.e., 33 = 27 bootstrap samples per state). For each bootstrap 
realization, CFR was computed as the ratio of the mean hyperemic 
to the mean resting values. This resulted in 27 × 27 = 729 bootstrap 
CFR estimates per patient, from which the invasive CFR mean and the 
standard deviation of the sample were computed. This approach cap-
tures the uncertainty arising from finite repeated measurements, while 
preserving the dependence structure inherent to the CFR calculation.

The PUNCH estimates demonstrated a strong association with in-
vasive measurements, with a Spearman rank correlation of 𝜌 = 0.89
(𝑝 < 10−6). Ordinary least squares (OLS) regression yielded an 𝑅2 of 
0.79, indicating that a substantial proportion of the variance in invasive 
CFR was explained by the PUNCH predictions (Fig.  7b).

To assess agreement while accounting for measurement error in 
both modalities, Deming regression was performed. This analysis pro-
duced a slope of 0.83 and an intercept of 0.11 (PUNCH = 0.83× Invasive 
+0.11), consistent with near-unity proportionality and minimal sys-
tematic deviation across the observed CFR range. For comparison, the 
OLS regression resulted in a slope of 0.75 and an intercept of 0.30 
(𝑝 < 10−6). The mean difference between PUNCH and invasive CFR 
was −0.31, while the mean relative difference was −11.4%.

The agreement was further evaluated using the Bland–Altman anal-
ysis (Fig.  7c). The mean difference between PUNCH and invasive CFR 
was −0.31, with a standard deviation of 0.48. The corresponding 95% 
limits of agreement ranged from −1.25 to 0.63, and all 20 cases fell 
within these limits. Relative difference analysis revealed a mean bias 
of −11.4% (SD ±20.4%), with 10 of 20 cases (50%) within ±20%
agreement (Fig.  7c). Collectively, these findings indicate a modest neg-
ative bias, reflecting a tendency toward lower CFR estimates relative 
to invasive measurements. It should be noted that bolus thermodi-
lution has been reported to yield systematically higher CFR values 
than continuous thermodilution (Gallinoro et al., 2023; Jansen et al., 
2023; Fawaz et al., 2024). This methodological tendency toward higher 
CFR may contribute, in part, to the modest negative bias observed 
when comparing PUNCH estimates to CFR values measured using bolus 
thermodilution.

In addition to point estimates, the PUNCH framework provides 
posterior uncertainty predicted by the model for each CFR estimate. 
In Fig.  7d, PUNCH posterior means and 95% credible intervals are 
shown alongside invasive CFR means and bootstrap-derived standard 
deviations.  Because the invasive bolus-thermodilution reference is 
itself measured with substantial intra-patient variability (three repeated 
injections per state), we assess agreement against that variability: the 
PUNCH estimate falls within the invasive 95% test–retest interval in 
15 of 20 patients, and the Bland–Altman limits of agreement (±38%
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Fig. 7. PUNCH demonstrates strong agreement with invasive CFR assessment. (a) Input kymograph (blue) to PUNCH, output kymograph (yellow) and overlay 
of input and output kymograph. (b) Correlation plot comparing PUNCH-derived CFR posterior means against invasive bolus thermodilution measurements in 
20 patients shows strong linear association (Spearman rank correlation 𝜌 = 0.89, 𝑝 < 10−6; Deming regression slope = 0.83, intercept = 0.11). (c) Bland–Altman 
analysis reveals mean bias of −0.31 (SD ±0.48) with 95% limits of agreement [−1.25, 0.63], indicating modest systematic underestimation. All 20 cases fall within 
agreement bounds. (d) Individual patient predictions with 95% credible intervals (shaded regions)  shown alongside invasive CFR means and bootstrap-derived 
standard deviations; the two interval families are of comparable magnitude (the formal calibration of the PUNCH intervals is examined in the Discussion). Error 
bars represent PUNCH posterior standard deviations and invasive measurement variability across three repeated acquisitions.
of mean CFR) are comparable to the documented reproducibility of 
bolus thermodilution itself (≈ ± 33%). The formal calibration of the 
PUNCH intervals, which are sharper than the reference, is examined 
in the Discussion.

To complement the correlation and agreement analysis with a 
threshold-based assessment, we evaluated PUNCH for the binary classi-
fication of coronary microvascular dysfunction at the standard clinical 
cut-off CFR < 2.5 (Table  3). Against invasive CFR, PUNCH achieved 
a sensitivity of 1.00, specificity 0.78, positive predictive value 0.85, 
negative predictive value 1.00, overall accuracy 0.90, and area under 
the ROC curve 0.97 (𝑛 = 20). Both misclassifications were false posi-
tives, arising where PUNCH’s mild negative bias of −0.31 (noted above) 
pushed the estimate below the cut-off (invasive CFR 2.8 and 3.06, 
estimated as 1.93 and 2.39); this underscores that a recalibration step 
(Limitations) would be advisable before any threshold-based clinical 
use. We emphasize that these estimates derive from a single-center 
cohort of only 20 patients and are therefore statistically fragile (wide 
confidence intervals); they are reported as feasibility-scale evidence, 
not as established diagnostic performance.
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Table 3
Diagnostic performance of PUNCH for CMD classification at the standard cut-
off CFR < 2.5 on the 20-patient cohort, against invasive bolus-thermodilution 
CFR. 95% confidence intervals are from a 2000-sample case bootstrap; their 
width (e.g. specificity [0.50, 1.00]) reflects the small cohort, and the comparison 
additionally inherits the known variability of bolus thermodilution.
 Metric Value (𝑛 = 20) 95% CI  
 Confusion (TP, FP, FN, TN) 11, 2, 0, 7 –  
 Sensitivity 1.00 [1.00, 1.00] 
 Specificity 0.78 [0.50, 1.00] 
 Positive predictive value 0.85 [0.62, 1.00] 
 Negative predictive value 1.00 [1.00, 1.00] 
 Accuracy 0.90 [0.75, 1.00] 
 AUC 0.97 [0.88, 1.00] 

To place these results against a simpler image-based comparator, we 
evaluated a naive front-tracking baseline on the same 20-patient cohort, 
in which CFR is estimated as the ratio of the hyperemic to the resting 
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Table 4
Image-based baseline comparison on the 20-patient clinical cohort. CFR from 
naive Hough-slope front tracking (ratio of hyperemic to resting front slope) 
versus PUNCH, both against invasive bolus-thermodilution CFR. The front 
tracker returned no usable CFR for 10 of 20 patients (infinite or non-physical 
slopes); its metrics are computed on the 10 patients with a finite, positive 
ratio, while PUNCH is reported on all 20.
 Method Usable 𝑁 Spearman 𝜌 Pearson 𝑟 MAE Bias  
 Hough front-tracking 10/20 −0.03 −0.19 2.26 −0.16 
 PUNCH 20/20 0.89 0.89 0.47 −0.31 

contrast-front slope obtained by a Hough transform of the kymograph 
(CFRHough = slopehyp∕sloperest), without any physics constraint or un-
certainty model. The front tracker returned a usable (finite, positive) 
CFR for only 10 of 20 patients; for the remaining 10 it failed outright, 
because the discretized Hough slope was infinite (a near-vertical, near-
instantaneous front) or non-physical (negative). On the 10 patients 
where it was defined, the baseline showed no association with invasive 
CFR (Spearman 𝜌 = −0.03, Pearson 𝑟 = −0.19, MAE = 2.26), whereas 
PUNCH achieved 𝜌 = 0.89, 𝑟 = 0.89, MAE = 0.47 across all 20 (Table 
4). This indicates that the agreement reported above is not attainable 
by direct slope tracking and is attributable to the physics-constrained 
inference rather than to the kymograph representation alone.

4. Discussion

We present a physics-informed, uncertainty-aware framework for 
wire-free estimation of coronary flow reserve (CFR) from paired rest-
ing and hyperemic coronary angiography, evaluated here as a proof-
of-concept feasibility study for downstream coronary microvascular 
dysfunction (CMD) assessment. Our approach integrates (1) physics-
based learning directly from unlabeled angiographic sequences with 
per-patient inference; (2) variational inference that produces uncer-
tainty estimates that increase under image degradation and correlate 
with estimation error on synthetic data; and (3) a dual-branch archi-
tecture that jointly models resting and hyperemic states to produce 
coupled rest–hyperemia CFR uncertainty estimates. The ablation in 
Section 3 attributes these contributions cleanly: the physics constraint 
is what drives point-estimate accuracy (removing it is catastrophic), 
whereas the variational latent contributes the uncertainty estimates 
rather than the accuracy (a deterministic variant is marginally more 
accurate but provides no usable intervals). We therefore frame physics-
constrained inference as the accuracy contribution and the variational 
latent as a separate, uncertainty contribution.  The complete inference 
pipeline executes in approximately three minutes per patient on a 
single NVIDIA A40 GPU, with no requirement for prior population-
level training, supporting per-patient analysis from images that are 
already being acquired. The contributions are methodological: per-
patient, label-free, physics-constrained inference of CFR with prop-
agated uncertainty, evaluated here as a proof-of-concept feasibility 
study.

Disease burden and clinical opportunity. Coronary microvascular dys-
function represents a major public health challenge affecting millions of 
patients worldwide. CMD is associated with a nearly 4-fold increase in 
all-cause mortality (OR 3.93, 95% CI 2.91–5.30) and a 5-fold increase 
in major adverse cardiac events (OR 5.16, 95% CI 2.81–9.47) com-
pared to patients without microvascular disease (Gdowski et al., 2020). 
Patients with CMD experience substantially elevated risks of cardio-
vascular death, myocardial infarction, hospitalization for heart failure, 
and stroke (Kelshiker et al., 2022; Taqueti and Di Carli, 2018), with 
approximately 30%–40% of patients with non-obstructive coronary 
artery disease demonstrating evidence of CMD upon systematic eval-
uation (Kunadian et al., 2021). Among patients with angina and non-
obstructive coronary arteries, the burden is particularly pronounced, 
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with estimates suggesting that 3–4 million patients in the United States 
alone have signs and symptoms of ischemia despite no evidence of 
obstructive atherosclerosis (Bairey Merz et al., 2017; Tjoe et al., 2021).

However, despite this substantial burden of the disease, CMD re-
mains profoundly underdiagnosed. Approximately 4 million elective 
coronary angiograms are performed annually in Europe and the United 
States combined (Beştemir et al., 2023; Ford et al., 2018), representing 
one of the most common invasive cardiovascular procedures world-
wide. By contrast, specialized invasive CMD assessments using bolus 
or continuous thermodilution are performed in only hundreds to a 
few thousand patients annually, concentrated in a small number of 
specialized centers with dedicated expertise (Barbato et al., 2004). 
This striking disparity — millions of angiograms versus thousands of 
functional microvascular assessments — leaves the vast majority of pa-
tients without a definitive functional diagnosis. Standard angiography, 
while providing excellent anatomical resolution of the epicardial ves-
sels, does not provide direct information about microvascular function, 
perpetuating diagnostic uncertainty in a high-risk population.
 potential clinical role, contingent on validation. If validated in larger, 
multi-center, multi-territory cohorts with formally evaluated diagnostic 
performance against clinically established CFR thresholds, a wire-free, 
angiography-derived CFR estimate could complement existing wire-
based assessment, particularly in settings where specialized invasive 
microvascular testing is not routinely available. The framework still 
requires paired rest/hyperemic acquisitions with pharmacological va-
sodilation, so it does not displace the need for an angiographic pro-
cedure and a vasodilator protocol; what it changes is the requirement 
for additional intravascular instrumentation. CMD is disproportionately 
underdiagnosed in women, who more often present with angina with-
out obstructive disease and less often undergo invasive physiological 
testing; if the validation steps described in the Limitations succeed, 
wire-free assessment may help reduce this gap, but the present study 
is not powered to demonstrate that effect. We retain ‘‘honest AI’’ as a 
design principle rather than a performance claim: the system reports an 
interval, but on the current synthetic and clinical evaluations the raw 
95% intervals are under-dispersed, so the principle is partly aspirational 
pending the recalibration and external validation described below.
Comparison to existing paradigms. Wire-free, angiography-derived as-
sessments of coronary physiology fall along several axes: the imaging 
input (angiography alone vs. CT/MR), whether labeled training data 
are required, the computational cost per patient, the physiological 
quantity recovered (epicardial pressure index, microvascular resistance 
index, or flow), and whether the method propagates uncertainty. Table 
5 summarizes how PUNCH is positioned along these axes relative to 
representative pressure-derived (QFR/vFFR), microvascular-resistance 
(Angio-IMR), transit-based (TIMI/corrected TIMI frame
count), classical indicator-dilution, CFD-based, and supervised data-
driven approaches.

Computational fluid dynamics (CFD)-based methods require high-
resolution CT imaging, three-dimensional vessel reconstruction, and 
extensive computation (often hours per patient), fundamentally lim-
iting clinical scalability (Taylor et al., 2013; Morris et al., 2016). 
Supervised machine learning approaches require large labeled datasets 
that simply do not exist for challenging phenotypes such as CMD, 
where invasive ground truth measurements are available only in small 
registries (Itu et al., 2016; Li et al., 2022). In contrast, our framework 
learns directly from paired rest/hyperemic angiograms without labeled 
flow data, computes patient-specific solutions in minutes, and provides 
probabilistic estimates with quantified uncertainty; capabilities absent 
in prior approaches. The per-patient training paradigm eliminates con-
cerns about generalization between heterogeneous populations or data 
leakage between training and test sets.  The PUNCH 95% credible 
intervals were of comparable or somewhat smaller width than the 
intra-patient bootstrap variability of repeated invasive thermodilution 
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Table 5
Positioning of PUNCH among representative angiography-derived and related approaches to coronary functional 
assessment.
 Method Input Labels Runtime Output UQ 
 QFR/vFFR Angio No Seconds FFR (pressure) No  
 Angio-IMR Angio No Seconds IMR (resistance) No  
 TIMI/cTFC Angio No Seconds Transit/flow ratio No  
 Indicator dilution (Zierler, 2000) Angio No Seconds Transit time No  
 CFD-derived FFR CT No Hours FFR (pressure) No  
 Supervised CFR (Itu et al., 2016) CT/Angio Yes Seconds FFR/flow No  
 PUNCH (this work) Paired Angio No ∼3 min CFR (flow ratio) Yes 
measurements (median standard deviation approximately 12%) (Bar-
bato et al., 2004); however, given that the raw posterior intervals are 
under-dispersed on synthetic data, this comparison should be inter-
preted as one of magnitude between two different uncertainty quantities 
rather than as evidence that PUNCH is more reproducible than the 
invasive reference.
Limitations. The current framework assumes quasi-one-dimensional 
flow along the vessel centerline; complex anatomies involving severe 
bifurcations, vessel overlap, or extreme tortuosity may violate this 
approximation and reduce inference fidelity. In the imaged proximal–
mid LAD this assumption is most defensible, but side-branch outflow, 
vessel tapering, and branch-related contrast loss are not modeled 
in the inference PDE and may bias inferred velocity and CFR. We 
quantified both effects directly with model-mismatch synthetic gen-
erators: a tapering generator (full mass-conservation transport with 
spatially varying 𝐴(𝑠)) and a tapering-plus-side-branch generator (2–4 
outflow sinks), both evaluated against the matched-model set in Table 
1. CFR recovery remained robust in point estimate and ranking un-
der both, with the mismatch acting principally on interval coverage; 
the remaining unexercised mismatch source is a non-multiplicative 
(microvascular-resistance) construction of the hyperemic state, which 
we do not exercise here. The vessel centerline is extracted automat-
ically from the SAM2-UNet segmentation, with no manual-editing 
stage. We manually checked that our method reliably locates the 
LAD centerline. However, the kymograph provides an intermediate 
visualization of contrast transport between vessel segmentation and 
velocity analysis, and would allow departure of the tracking points 
from the vessel lumen to be checked before CFR values are estimated. 
Systematic characterization of these failure modes, together with ex-
tension to multi-branch coronary geometries and explicit ECG-gated 
cardiac-phase alignment between the rest and hyperemic acquisitions, 
represents an important direction for future methodological devel-
opment. We further note that the synthetic data used in this work 
were generated by the same family of 1D advection–diffusion equa-
tions imposed as a soft constraint at inference, and that hyperemic 
sequences were constructed by scaling the resting velocity field by a 
sampled CFR; the matched-model synthetic evaluation therefore tests 
identifiability and uncertainty behavior under ideal conditions and 
may overestimate real-world performance. To bound this optimism 
we performed model-mismatch synthetic evaluations in which the 
forward model is intentionally richer than the inference PDE: full 
mass-conservation transport with a tapering cross-sectional area 𝐴(𝑠)
(Eq. (6)), and a further set that adds side-branch outflow sinks; the 
resulting changes in CFR recovery are reported in Table  1. The one 
mismatch source we do not exercise is a non-multiplicative construction 
of the hyperemic state from a microvascular-resistance model (rather 
than by multiplying the resting field by a sampled CFR). Beyond 
model generalization, larger multi-center studies will be required to 
establish clinically actionable diagnostic thresholds, evaluate robust-
ness across diverse patient populations and anatomical variants, and 
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relate PUNCH-derived physiological estimates to downstream clini-
cal decision-making and outcomes. The clinical evaluation here is a 
feasibility-scale, single-center cohort of 20 patients, restricted to the 
LAD in matched right anterior oblique–cranial projections; it is not 
sufficient to support claims about CMD diagnostic performance, gener-
alization across vessel territories, or robustness to projection angle and 
image quality. The wide 95% Bland–Altman limits of agreement and 
the modest −0.31 (−11.4%) bias also matter for a threshold-sensitive 
metric like CFR: borderline cases near the standard 2.5 cut-off can shift 
classification, as we observe directly in the diagnostic analysis (Table 
3), where both misclassifications were false positives driven by this 
negative bias. We report the confusion matrix, sensitivity, specificity, 
AUC, PPV, and NPV at the 2.5 threshold, but emphasize that with 
𝑛 = 20 these are feasibility-scale estimates and that a recalibration step 
would be advisable before any threshold-based clinical interpretation. 
Regarding uncertainty calibration, the synthetic grid search shows that 
the raw 95% posterior intervals are under-dispersed, with coverage 
substantially below nominal at the operating configuration selected for 
the clinical evaluation. We assessed a post-hoc split-conformal recali-
bration, fitting a single multiplicative factor on a held-out synthetic 
calibration split and validating on a disjoint synthetic test split: this 
raised synthetic test coverage from 0.68 to 0.94 (the calibrated factor is 
≈4× the nominal 1.96, quantifying the degree of under-dispersion), con-
firming that the uncertainty is calibratable in-domain. For the clinical 
cohort we characterize agreement directly. The raw PUNCH intervals 
are sharp (median 95% half-width ≈0.04 CFR units), narrower than the 
bolus-thermodilution reference’s own measurement variability, so the 
invasive value falls inside the PUNCH 95% interval in only 3 of 20 
cases; that is, PUNCH is more precise than the reference rather than 
disagreeing with it. Assessed against the reference’s variability, the 
PUNCH estimate falls within the invasive 95% test–retest interval in 
15 of 20 patients, and the Bland–Altman limits of agreement (±38% of 
mean CFR) are comparable to thermodilution’s own reproducibility (≈
±33%). The point estimates agree well with invasive CFR (Deming slope 
0.83, Spearman 𝜌 = 0.89); the limitation is that the model’s intervals are 
under-dispersed (overconfident), not that the estimates disagree. This 
under-dispersion is informative: it indicates that the dominant clinical 
error arises from sources outside the model’s posterior — the variability 
of the invasive bolus-thermodilution reference itself, together with real 
anatomy and acquisition factors — which a recalibration fit on syn-
thetic identifiability uncertainty cannot capture. We therefore interpret 
PUNCH uncertainty as capturing measurement/identifiability uncer-
tainty (image quality, motion, incomplete contrast filling, propagated 
through the shared latent variable), useful for relative ranking and 
quality control; it does not capture physiological/biological variability 
of CFR, nor epistemic uncertainty about the 1D model form, and we 
do not claim calibrated clinical credible intervals. As an image-based 
comparator we report a naive Hough-slope front-tracking baseline on 
the clinical cohort (Section 3, Table  4); it returned a usable CFR for 
only half the patients and showed no association with invasive CFR, 
which we take as evidence that the agreement achieved by PUNCH 
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is attributable to the physics-constrained inference rather than to the 
kymograph representation alone. We do not include a TIMI/corrected-
TIMI frame-count or a supervised deep-learning comparator. Frame 
counting requires a dedicated workflow and a standardized contrast-
injection/acquisition protocol that were not part of this retrospective 
dataset, for which only the raw angiographic sequences are available; 
for a single imaged segment it captures the same contrast-front tran-
sit information that the Hough baseline already uses. A supervised 
comparator cannot be trained for this phenotype because no labeled 
angiographic CFR dataset of useful size exists, an absence that is itself 
part of the motivation for a physics-informed, label-free approach. The 
contributions of the PDE loss, the variational latent, the shared latent 
across rest and hyperemia, and the choice of variational inference over 
Monte Carlo dropout are quantified in the ablation and uncertainty-
method comparison of Table  2. In this work, we focus on the LAD as it is 
the most common artery studied in coronary microvascular dysfunction 
testing in routine clinical practice. The method can also be extended to 
other coronary territories, such as the right coronary and left circumflex 
arteries, with due calibration.
Broader implications. Methodologically, embedding the governing
physics of contrast transport into a per-patient inference problem with 
explicit uncertainty quantification offers an alternative to label-hungry 
supervised learning when ground-truth measurements for the target 
phenotype are scarce. Whether this approach extends usefully to other 
medical imaging-based inverse problems — perfusion imaging, tracer 
kinetics, or dynamic contrast studies across vascular beds — is an open 
question we do not resolve here; the present study should be read 
as a feasibility demonstration on a single anatomical territory, with 
extension to multi-branch coronary geometries and to other imaging 
modalities identified as separate future studies.
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